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Abstract
We propose the use of stimulated Raman adiabatic passage (STIRAP) to offer a fast high fidelity method of performing SU(2)
rotations on spinor Bose Einstein condensates (BEC). Past demonstrations of BEC optical control suffer from difficulties arising
from collective enhancement of spontaneous emission and inefficient two-photon transitions originating from selection rules.
We present here a novel scheme which allows for arbitrary coherent rotations of two-component BECs while overcoming these
issues. Numerical tests of the method show that for BECs of 87Rb with up to 104 atoms and gate times of 1 µs, decoherence
due to spontaneous emission can be suppressed to negligible values.
PACS numbers: 03.67.Lx, 03.65.Yz, 03.75.Gg, 03.75.Mn, 42.50.Hz
I. INTRODUCTION
Coherent control of Bose-Einstein Condensates
(BECs) is an important task required for a variety of
applications, from quantum metrology [1–3] to quan-
tum simulation [4–6] and quantum information [7, 8].
Experimental methods to create and coherently control
them are becoming increasingly sophisticated. For
instance, the precision obtainable in certain quantum
magnetometry experiments is limited only by projection
noise [9]. Mach-Zender type interference of BECs in
microgravity has also been realized in a particle drop
experiment [10], where the BECs spatial splitting and
recombination with resulting matter-wave interference
has been observed. Visions for BECs investigate them as
switches for nanomechanical devices [11] or as candidates
for quantum computing [12–15]. Laser cooled atoms
exhibit long coherence times [16], and as such they
fulfill a key condition required of physical systems in
quantum information related tasks [17, 18]. In the case
of applications such as atomic clocks, magnetometry,
and quantum information, the desired degrees of freedom
that require control are the internal hyperfine states
of the atoms. Here a fundamental task is to perform
this coherent control with high frequency and fidelity to
improve the overall performance.
Control of the hyperfine states of atomic ensembles and
BECs can be done in broadly two methods: using mi-
crowave or optical transitions. Traditional atomic clocks
use microwave resonances between clock states, which is
determined by the natural hyperfine splitting between
the ground states[19]. Optical clocks on the other hand
rely on the use of optical transition, and are now estab-
lished as the most stable timekeeping devices available
[20]. Such optical transitions are only being adapted now
due to the better availability of narrow linewidth lasers,
and the development of optical combs to provide mea-
surement methods to count the laser cycles. For quan-
tum metrology and information purposes, magnetically
trapped states are typically used which to first order can
be tuned so that their energy difference is insensitive to
magnetic field fluctuations. In this case, a combination of
microwave and radio frequency pulses are used to control
the internal states [21]. Optical manipulations are desir-
able from the point of view of faster control, and better
spatial resolution via tightly focused lasers. For atom
chips [2, 21–24] this would allow for the control of multi-
ple BECs on the same chips [25, 26], a task that may be
desirable for spatially resolved magnetometry and quan-
tum computing.
While in principle optical methods offer a fast and spa-
tially resolved way to perform coherent control in BECs,
this approach is problematic for two reasons. First and
foremost, spontaneous emission in a BEC is enhanced
by a factor of N , where N is the number of atoms in
the condensate [27]. Secondly, for magnetically trapped
BECs, one usually chooses as a storage basis a pair of
hyperfine sublevels that are Zeeman insensitive to fluc-
tuations in the trapping field. For the case of 87Rb, these
are the |F = 1,mF = −1〉 and |F = 2,mF = 1〉 hyperfine
sublevels. These have a difference of 2 in the mF quan-
tum number, and passage between them implies a nuclear
spin-flip of the atom. As the nuclear magnetic moment is
not optically accessible, only the natural hyperfine inter-
action can change the nuclear spin [28], which makes the
transfer inefficient and therefore slow. This also aggra-
vates the aforementioned problem of spontaneous emis-
sion as the internal excited states of the BEC are pop-
ulated for a longer period of time. It is for this reason
that high fidelity optical control of BECs has not yet been
achieved. The nuclear spin flip problem is also common
to other alkali atoms where the storage states are sepa-
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rated by a difference in magnetic number ∆mF ≥ 2.
In this paper, we show that stimulated Raman adia-
batic passage (STIRAP) may be used to bypass these
difficulties. STIRAP is a widely used technique for pop-
ulation transfer in atoms and molecules [29–34]. The
most elementary STIRAP configuration is typically for-
mulated for a three-level Λ system, where the popula-
tion of some initial state is transferred completely to
a target state. However, it has been shown that using
additional intermediate levels, one may implement ar-
bitrary unitary control of a two-state quantum system
[35, 36]. Optimization of STIRAP processes is now well-
understood in the most elementary configurations [37–
39], and proposed applications include Rydberg blockade
in ensembles of interacting atoms [40–42], as well as uni-
versal quantum computing [43, 44]. The attractiveness
of STIRAP comes principally from its ability to transfer
populations between ground states without populating
excited states. We note in particular that the method is
also robust against fluctuations in pulse shape and area
[45]. This was demonstrated by the recent experimen-
tal study of Ref. [46], where artificial superconducting
atoms were used to store quantum information in a tris-
tate configuration. Thus precise control may be obtained
with little sensitivity to experimental noise. Eliminating
the excited state probability density mitigates the par-
ticle number dependence of spontaneous emission rates
that BECs suffer and thus provides a natural solution to
addressability issues.
This paper is organized as follows. In section II we
define spinor BECs and discuss their properties. We also
introduce STIRAP as well as the spin-flip problem that
affects 87Rb BECs. section III Introduces a four level
STIRAP scheme that effectively implements unitary ro-
tation of a two-component BEC by using an intermediate
ground state for information storage. In section IV we
introduce a scheme for arbitrary unitary rotations that
is designed to work for 87Rb BECs and involves six in-
ternal atomic states. section V Discusses the numerical
simulation of this scheme, and results are presented in
section VI. We write our conclusions and outlook in sec-
tion VIII. Also included in the paper are two appendices
that describe our simulation methods in greater detail.
II. SPINOR BOSE-EINSTEIN CONDENSATES
In this section we review various aspects of spinor BEC
control by laser light which will serve to introduce our no-
tation and several basic concepts. We first introduce the
formalism used to describe BEC spinor quantum states.
This is followed by a description of the standard STI-
RAP procedure as applied to BECs. Finally we explain
in detail what causes the nuclear spin flip problem. We
shall see that it also affects STIRAP by limiting the num-
ber of optically accessible dark states that diagonalize a
STIRAP Hamiltonian.
A. Spin coherent states
Here we describe the formalism of two-component spin
coherent state BECs. By this we mean a degenerate BEC
that can be described completely by the configuration
between two internal states of the atoms. The spatial
wavefunction is assumed to be common to all atoms, and
static throughout the dynamics. In alkali metals two hy-
perfine ground state levels are typically used as a basis for
storing quantum states. For example, 87Rb BEC would
typically use two of the magnetic quantum numbers mF
of the F = 1, 2 internal state manifolds. The operators
aˆ†, bˆ† are the bosonic creation operators of atoms in such
internal states. Given a coherent condensate composed
of N atoms, the quantum states occupy an N + 1 dimen-
sional Hilbert space spanned by orthonormal Fock states
of the form
|k〉 = 1√
k!(N − k)! (aˆ
†)k(bˆ†)(N−k) |0〉 . (1)
We define the spin coherent states of a two-component
BEC as
|α, β〉〉 ≡ 1√
N !
(
αaˆ† + βbˆ†
)N |0〉 , (2)
where α, β are normalized parameters |α|2 + |β|2 = 1.
Limiting our analysis to states of the form of Eq. (2),
the expectation values of the Schwinger boson operators
completely characterize a BEC. These operators are de-
fined as
Sˆx = aˆ
†bˆ+ bˆ†aˆ
Sˆy = −iaˆ†bˆ+ ibˆ†aˆ
Sˆz = aˆ
†aˆ− bˆ†bˆ.
(3)
By evaluating the expectation values of Eq. (3), one ob-
tains
〈Sˆx〉 = N(α∗β + αβ∗)
〈Sˆy〉 = N(−iα∗β + iαβ∗)
〈Sˆz〉 = N(|α|2 − |β|2).
(4)
The states of Eq. (2) thus define a Bloch sphere of ra-
dius N in
(〈Sˆx〉 , 〈Sˆy〉 , 〈Sˆz〉)-space. We may equivalently
characterize a coherent spinor in terms of a pair of angles
φ and θ, such that α = cos θ/2 and β = eiφ sin θ/2. Then
θ and φ are the azimuthal and polar angles respectively
on the Bloch sphere.
We define a rotation about the 〈Sˆj〉-axis of the Bloch
sphere by the angle δ as
Rˆj(δ) ≡ e−iδSˆj/2. (5)
For instance,
Rˆz(δ) |α, β〉〉 =
∣∣∣αe−iδ/2, βeiδ/2〉〉 (6)
2
up to an irrelevant global phase factor. Similarly we may
also define the arbitrary rotation about a unit vector on
the Bloch sphere n by an angle δ as
Rˆn(δ) ≡ e−iδn·S/2, n = [cosφ sin θ, sinφ sin θ, cos θ]T .
(7)
Here S = [Sˆx, Sˆy, Sˆz]
T . This is completely analogous to
Bloch sphere rotations for qubits, where one uses Pauli
spin operators in place of Schwinger boson operators.
Given free choice of the angles φ, θ, and δ, any Bloch
sphere rotation is possible. Alternatively, one may write
an arbitrary rotation by a sequence of rotations around
the y and z axes:
Uˆ = eiαRˆz(β)Rˆy(γ)Rˆz(δ). (8)
As the algebra for rotations of spin coherent states is
completely equivalent to that for qubits we may also use
their matrix representations. Using the vector [α, β]T to
refer to Eq. (2), the above rotation can be equivalently
written
U = eiα
[
ei(−β/2−δ/2) cos γ2 −ei(−β/2+δ/2) sin γ2
ei(+β/2−δ/2) sin γ2 e
i(+β/2+δ/2) cos γ2
]
. (9)
B. Three-level STIRAP for BECs
Here we describe the standard STIRAP applied to
BECs in spin coherent states. Consider a BEC prepared
in state |1, 0〉〉 and let the target state be |0, 1〉〉. The goal
of a standard STIRAP is to transfer completely the quan-
tum system from its initial state to its target state via
an adiabatic procedure which only populates the ground
states of the atoms. Given a hyperfine manifold with
some ground states |a〉 and |b〉 as well as an excited state
|e〉 (see Fig. 1(a)) we apply laser transitions linking levels
|a〉 ↔ |e〉 and |b〉 ↔ |e〉. In the rotating wave approxima-
tion (RWA), this is described by the Hamiltonian
Hˆ/~ =
[
Ωa(t)eˆ
†aˆ+ Ωb(t)eˆ†bˆ+ H.c.
]
+ ∆eˆ†eˆ. (10)
The eˆ† are bosonic operators which create the excited
state of a three-level Λ system, with aˆ† and bˆ† creating the
two ground states respectively. One approach to achieve
the state transfer is simply to apply (10) with constant
laser amplitudes for a time corresponding to a period of
the Raman oscillation with frequency ΩaΩb/2∆. This
however creates a fractional population of the excited
state of magnitude ∼ ΩaΩb/∆2. As the excited state is
susceptible to spontaneous emission, large values of ∆
compared to Ωa,b are used to suppress it. This results in
reducing the Raman oscillation frequency.
STIRAP differs fundamentally from this approach by
using dark states of the Hamiltonian which have exactly
zero population of the excited states. The dark states
of an atomic Hamiltonian are often defined as the eigen-
states that do not emit any light. For the systems we
consider, this definition reduces to eigenstates, that have
no contributions from excited states.
|D0〉 = 1√
N !
(dˆ†0)
N |0〉 , (11)
where we have defined
dˆ†0 ≡
Ωbaˆ
† − Ωabˆ†√|Ωa|2 + |Ωb|2 , (12)
which creates one particle in a dark state. The state (11)
is an eigenstate of (10) with eigenvalue zero. We now
define the pulses
Ωa = Ω0f(t− T−/2)
Ωb = Ω0f(t+ T−/2),
(13)
where f(t) is a unimodal, positive function, centered on
t = 0, that vanishes when t approaches either −∞ or ∞.
It is typically chosen to be Gaussian. T− is a constant
that has been added to separate the pulses in time by a
length suitable for STIRAP.
To see how STIRAP transfers population between the
two ground states |1, 0〉〉 and |0, 1〉〉, consider the follow-
ing. In the limit where t → −∞, i.e. before any laser
pulses strike the BEC, we have Ωa/Ωb → 0. Therefore
dˆ†0 ∼= aˆ†. When Ωa = Ωb, dˆ† becomes an even mix of aˆ†
and bˆ†. Finally, after this point as t→∞ and Ωb/Ωa → 0
we have dˆ†0 ∼= bˆ†. Usually f(t) is chosen so that the pro-
cess goes from start to finish in a few T−. The above
procedure transfers the quantum state from one known
state entirely into another, as long as the adiabatic theo-
rem is satisfied. To achieve this the function f(t) should
be chosen such that the time variation of the dark state
is slow enough so that the state follows the eigenstate
(11) at all times.
We note that the above STIRAP procedure does not
produce an arbitrary rotation such as that described in
the remainder of this paper. In this procedure the aim is
to transfer the state from a known initial state to a fixed
final state. In a rotation such as Eq. (8), the initial or
final state does not need to be known. In this sense, the
standard three-level STIRAP procedure does not achieve
a SU(2) rotation. If the initial state is not in the specified
initial state, the procedure fails and the state does not
in general follow an adiabatic trajectory. However, as
will be discussed further down, it is possible to modify
the STIRAP procedure to perform an arbitrary rotation
during the STIRAP procedure. This was first developed
in Refs. [35, 36], and we will adapt this procedure to
BECs in the following sections.
C. The nuclear spin problem
Transitions between atomic levels due to electromag-
netic fields are in general subject to selection rules. For
transitions between hyperfine states induced by laser
3
fields, the only possible direct transitions in themF quan-
tum numbers are |∆mF | ≤ 1, as the photon carries an an-
gular momentum of 1. For magnetically trapped BECs,
only states with the correct sign with respect to the Zee-
man shift may be used for the storage states, as the re-
maining states are either anti-trapped or not trapped at
all by the magnetic field. Of the trapped states, prefer-
ence is given to pairs of hyperfine states whose differential
Zeeman shift can be minimized. For suitable magnetic
field strengths, the magnetic responses of the two stor-
age levels can be made the same. This acts to increase
the coherence time in the storage states, as to first order,
fluctuations in the magnetic field do not incur additional
relative phase shifts between such levels. For example,
in the case of 87Rb, the ground states |F = 1,mF = −1〉
and |F = 2,mF = 1〉 are conventionally chosen to store
coherent superpositions. In this case, one may utilize
transitions from 5 2S1/2 to the 5
2P1/2 (D1) or 5
2P3/2
(D2) excited manifold of states. For either choice, selec-
tion rules dictate the transitions pass through two excited
states F ′ = 1, 2. Naively, the presence of two available
excited states may appear to be beneficial to the Ra-
man or STIRAP transition between the storage states,
as the total transition rate is the sum of individual tran-
sitions. However, as described in Ref. [47], the two pos-
sible transitions always interfere destructively with each
other, making the process inefficient.
To see how the destructive interference arises, consider
Fig. 1(c) which shows the hyperfine transitions between
excited and ground states, taking the example of 87Rb.
Similar arguments can be made for other atom species.
Taking a laser transition frequency such that it is between
the F ′ = 1, 2 levels, the excitations produce transitions
of the form |a〉 ↔ κj |e1〉 + |e2〉 and |b〉 ↔ |e1〉 − κj |e2〉
(states are unnormalized). Here κj is a constant that
is determined by the relative magnitudes of the dipole
transition matrix elements and are entirely depend on
Clebsch-Gordan coefficients. For 87Rb these are κ1 = 1
and κ2 =
√
5 for the D1 and D2 transitions respectively.
In either case the coherent superposition excited by |a〉 is
orthogonal to the one that |b〉 transitions into. This limits
the speed of potential Rabi oscillations between levels |a〉
and |b〉. A highly detuned system, in which the excited
state populations may be adiabatically eliminated has a
generalized Rabi frequency [47]:
Ωa↔b ≈ 1
2
κjΩaΩb
( 1
∆1
− 1
∆2
)
= κj
ΩaΩb∆12
2∆1∆2
, (14)
where ∆1,2 are the detunings of the transitions to each
of the levels. A second order Raman transition will
therefore be limited by timescales that depend on the
energy difference ∆12 between |e1〉 and |e2〉. For 87Rb
these are given by 816.656(30) MHz for the D1 line and
156.947(7) MHz for the D2 line[48]. But more impor-
tantly, Ωa→b vanishes proportionally to ∆1∆2, i.e. the
product of the two detunings. As detunings are typi-
cally much larger than Ωa,b in order to enable adiabatic
elimination of the excited states, the coupling between
the ground states is reduced making the transition inef-
ficient.
We refer to this as the “nuclear spin problem” (also
known as the “∆mF = 2 problem” in Refs. [28, 47]).
The problem originates from the fact that the coherent
superpositions excited by an application of Ωa,b are mu-
tually orthogonal. To see how this also limits a STIRAP
based scheme, consider the system of Fig. 1(c). If only
the laser fields Ωa and Ωb are turned on, the resulting
Hamiltonian in the RWA is
Hˆj/~ =
[
Ωa(t)
(
κj eˆ
†
1 + eˆ
†
2
)
aˆ+ Ωb(t)
(
eˆ†1−κj eˆ†2
)
bˆ+ H.c.
]
+ ∆1eˆ
†
1eˆ1 + ∆2eˆ
†
2eˆ2
)
. (15)
None of the eigenstates of this Hamiltonian are dark
states. If the two excited state superpositions created
by applying hatHj to |a〉 and |b〉 respectively were lin-
early dependent, we could choose a proper sign for Ωa
and Ωb to make them cancel out. Thus a dark state
would be obtainable by superposing |a〉 and |b〉. But be-
cause the excited states are orthogonal, this is impossible.
The Hamiltonian thus cannot be used for a STIRAP. The
destructive interference described earlier is seen to man-
ifest itself here by eliminating a possible dark state, that
would otherwise be useful for STIRAP.
In the following we show how this may be solved for
STIRAP by introducing two additional ground states |c1〉
and |c2〉 as seen in Fig. 1(c).
III. ARBITRARY ROTATIONS OF BECS USING
STIRAP
In this section we show how arbitrary SU(2) rotations
of two-component spinor BECs may be performed, by re-
formulating the four-level scheme proposed in Ref. [35].
For the purposes of this section, we do not take into ac-
count the nuclear spin problem that was introduced ear-
lier. A full solution of this is presented in a six-level
STIRAP scheme further below.
A. Four-level STIRAP scheme
Consider the operators aˆ†, bˆ†, cˆ† and eˆ† creating the
states found in the four-level system of Fig. 1(b). The
Hamiltonian is of the form
Hˆ/~ = Ωa(t)eˆ†aˆ+ Ωb(t)eˆ†bˆ+ Ωc(t)eˆ†cˆ+ H.c. (16)
The dark states of the Hamiltonian are.
dˆ†C =
Ωc
(
Ω∗aaˆ
† + Ω∗b bˆ
†)− (|Ωa|2 + |Ωb|2)cˆ†√(|Ωa|2 + |Ωb|2)|Ωc|2 + |Ω2a + Ω2b |2
dˆ†NC =
Ωbaˆ
† − Ωabˆ†√|Ωa|2 + |Ωb|2 .
(17)
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∆1
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−κjΩbΩa
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|a〉
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m′F = 0
Ωa Ωb
|a〉 |b〉
|e〉
Ωa ΩbΩc
|a〉 |b〉|c〉
|e〉
|Ω|
t
|Ωc|(1) |Ωa|(1)
|Ωb|(1)
|Ωc|(2)|Ωa|(2)
|Ωb|(2)
|Ω|
t
|Ωc1 |(1)
|Ωc2 |(1)
|Ωa|(1)
|Ωb|(1)
|Ωa|(2)
|Ωb|(2)
|Ωc1 |(2)
|Ωc2 |(2)
T− T+T− T+
Figure 1. (Color online). a) 3-level Λ system with two ground states and one excited state. b) STIRAP configuration for
performing arbitrary SU(2) rotation. The states |a〉 and |b〉 are used to coherently store quantum information, while |c〉 is an
auxiliary level. |e〉 is an excited state that is coupled to all of the ground levels. Below the level diagram the sequence of two
pairs of STIRAP pulses is depicted that constitute an arbitrary rotation of a coherent spinor BEC. Relative magnitudes of the
pulses and their timing with respect to each other are indicated. c) STIRAP configuration for arbitrary unitary operations for
alkali atoms taking the the case of 87Rb. Four laser transitions are used to couple the excited states F ′ = 1, 2 simultaneously.
The transition amplitudes are denoted in the figure together with coefficients κj , which are determined by Clebsch-Gordan
coefficients as found in Ref. [48]. Below the diagram the sequence of pulses needed for arbitrary rotation is again depicted.
These create the coupled (C) and non-coupled (NC) dark
states respectively. In this scheme two sets of STIRAP
pulses will be applied to the BEC, as shown in Fig. 1(b).
We have defined the coupled dark state as the one that
undergoes adiabatic evolution during this process, whilst
the non-coupled dark state doesn’t change. The first set
of laser pulses, which define the limits of Eq. (17), are
Ω(1)a ≡ Ω0 cosχf(t− T−/2 + T+/2)
Ω
(1)
b ≡ Ω0 sinχeiφf(t− T−/2 + T+/2)
Ω(1)c ≡ Ω0f(t+ T−/2 + T+/2),
(18)
where we have added a superscript (1) to indicate that
this is the first STIRAP pair. We separate the a and
b pulses from the c pulse by a length of time T−. We
also introduce T+ as a delay between this pair of pulses
and the one that we apply later in the procedure (see
Fig. 1). The coupled state has a time evolution with
limiting behavior
dˆ
(1)
C
† →
{
cosχaˆ† + sinχe−iφbˆ† for t→ −∞
−cˆ† for t→∞ , (19)
where again we have added a superscript (1) to indicate
that this is the first STIRAP pair. The coupled state
is so called because it evolves into cˆ†. The non-coupled
state is
dˆ†NC = sinχe
iφa† − cosχb†, (20)
which is time-independent during the STIRAP process.
A coherent spinor is initially in the state given by
Eq. (2). As the two eigenstate creation operators obey
[dˆC, dˆ
†
NC] = 0, they create states that form an orthonor-
mal set. Because of that, we may write the wave function
in its initial state as
|α0, β0〉〉 =
1√
N !
(〈d(1)C (t→ −∞)|ψ0〉 dˆ(1)C † + 〈dNC|ψ0〉 dˆ†NC)N |0〉 ,
(21)
where for convenience of notation, we also define the sin-
5
gle particle quantum states
|ψ0〉 ≡ α0 |a〉+ β0 |b〉
|dC(t)〉 ≡ dˆ†C |0〉
|dNC〉 ≡ dˆ†NC |0〉 .
(22)
Here |ψ0〉 is the initial state of a single atom in the BEC,
and the others describe the coupled and non-coupled
states respectively at any time. The above inner products
may be evaluated to be
〈d(1)C (t→ −∞)|ψ0〉 = α cosχ+ βeiφ sinχ (23)
〈dNC|ψ0〉 = αe−iφ sinχ− β cosχ. (24)
After the initial set of pulses, i.e. for t→∞, the resulting
wavefunction is
|α1, β1〉〉 = 1√
N !
(−〈d(1)C (t→ −∞)|ψ0〉 cˆ†
+ 〈dNC|ψ0〉 dˆ†NC
)N |0〉 . (25)
After letting a suitable time pass, we may now perform
a STIRAP process once more to move the coherent spinor
back into a aˆ and bˆ superposition state. We do this using
the pulses
Ω(2)a ≡ Ω0 cosχf(t+ T−/2− T+/2)
Ω
(2)
b ≡ Ω0 sinχeiφf(t+ T−/2− T+/2)
Ω(2)c ≡ Ω0eiδf(t− T−/2− T+/2).
(26)
For this STIRAP, Ωc has been phase-shifted compared
to the other pulses, but these are otherwise the same as
the first set of STIRAP pulses with the order reversed.
This means that the limiting cases (19) are also reversed,
dˆ
(2)
C
† →
{
−cˆ† for t→ −∞
(cosχaˆ† + sinχe−iφbˆ†)eiδ for t→∞ ,
(27)
while dˆ†NC is the same as (20). Letting the condensate
evolve adiabatically once again, the state is during the
evolution
|α2, β2〉〉 = 1√
N !
(〈d(1)C (t = −∞)|ψ0〉 dˆ(2)C †
+ 〈dNC|ψ0〉 dˆ†NC
)N |0〉 . (28)
The resulting wavefunction is now a superposition of the
interfering dark states, where the interference has been
modulated by the phase δ. We may calculate the final
coefficients
α2 =α0
(
cos2 χeiδ + sin2 χ
)
+ β0e
−iφ(cosχ sinχeiδ − cosχ sinχ) (29)
β2 =α0e
iφ
(
cosχ sinχeiδ − cosχ sinχ)
+ β0
(
cos2 χ+ sin2 χeiδ
)
. (30)
The entire process may be written as a linear transform
between vectors [α0, β0]
T and [α2, β2]
T . If one does so,
the unitary matrix that connects the two has an imme-
diate geometric interpretation as a rotation on the Bloch
sphere. We may write
|α2, β2〉〉 = eiNδ/2Rn(δ) |α0, β0〉〉 . (31)
Here Rn(δ) is an arbitrary rotation about the unit vec-
tor n = [sin 2χ cosφ, sin 2χ sinφ, cos 2χ]T on the Bloch
sphere. Apart from the added global phase, this is the
same as Eq. (7). As we have noted earlier, this is equiv-
alent to Eq. (9).
IV. ARBITRARY ROTATIONS OF BECS WITH
THE NUCLEAR SPIN PROBLEM
The scheme considered in the previous section is de-
signed for a generic four level Hamiltonians, where the
optical transition selection rules of internal atomic state
manifolds are not taken into account. If it was possi-
ble to implement this scheme directly, then an efficient
all-optical control of atomic BECs with negligible sponta-
neous emission should be possible. In practice we are lim-
ited by the nuclear spin problem, which eliminates dark
states of the form presented in the last section. Therefore
a new scheme must be developed to make coherent con-
trol possible, which we introduce here. Similarly to the
procedure using four levels, we make use of intermediate
quantum states. Here we show how this may be used to
make arbitrary rotations of spin coherent states of the
form Eq. (9).
A. Six-level STIRAP scheme
The transitions that we consider for this scheme involve
four ground states and two excited states, as shown in
Fig. 1(c). The Hamiltonian for this in the RWA is
Hˆ/~ =
[
Ωa(t)
(
κj eˆ
†
1 + eˆ
†
2
)
aˆ+ Ωb(t)
(
eˆ†1 − κj eˆ†2
)
bˆ
+ Ωc1e
†
1cˆ1 + Ωc2e
†
2cˆ2 + H.c.
]
+ ∆1eˆ
†
1eˆ1 + ∆2eˆ
†
2eˆ2. (32)
Here the κj terms originate from the relative dipole ma-
trix elements of the D1 and D2 line transitions and
are determined by Clebsch Gordan coefficients as indi-
cated by Fig. 1(c). Note that the |F = j,mF = 0〉 →
|F ′ = j,m′F = 0〉 transitions do not conserve total angu-
lar momentum, and are therefore not allowed.
We have furthermore used a RWA where terms that ro-
tate as ei(ωc1−ωc2 )t are dropped. This is because the char-
acteristic frequency difference between the ground states
is ωc1 − ωc2 = 6.83 GHz. The period of this oscillation is
about 200 times shorter than the shortest timescales we
use in our simulations.
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Figure 2. (Color online). Visualization of the six level STIRAP scheme for arbitrary rotations of a spinor BEC. The Bloch
sphere on the left is defined for the coherent spinor states created by operators aˆ†, bˆ† and cˆ†1, cˆ
†
2 on the right. The first STIRAP
pulse transfers the state from the left Bloch sphere to the right, and vice versa for the second STIRAP pulse. After the first
STIRAP pulse, the position of the coherent spinor on the right Bloch sphere may be described by the rotation Æ(1) applied to
the coordinates it had on the former Bloch sphere. After the second STIRAP pulse sequence, another rotation Æ(2) is applied,
returning the BEC to the original Hilbert space. The net effect of these two operations gives the total rotation U = Æ(2)Æ(1).
In this Hamiltonian we do not take into account AC-
stark shifts whose net effect is to shift the energy of all the
sublevels. As the second order Stark shift is only non-
vanishing for J = 3/2 excited states, all of the ground
state sublevels are effected in the same way. The net
effect of the Stark shift is therefore to shift the diagonal
elements of the Hamiltonian by the same amount. The
only exception to this is the case where the D2 line is
used and some second order effect must be taken into
account. However, this is only applicable to the excited
state manifold, and thus it does not directly effect the
dark states of our scheme. Neither does it induce non-
adiabatic transitions as the terms affected are diagonal.
The principal difference between our scheme and the
one we presented in section III is our usage of two coupled
dark states compared to the one coupled and one non-
coupled dark states used by their arbitrary unitary gate.
They are
dˆ
(1)
1
† =
Ωc1Ωc2 aˆ
† − κjΩaΩc2 cˆ†1 − ΩaΩc1 cˆ†2√
|Ωc1 |2|Ωc2 |2 + |Ωa|2
(|Ωc1 |2 + κ2j |Ωc2 |2)
dˆ
(1)
2
† =
Ωc1Ωc2 bˆ
† − ΩbΩc2 cˆ†1 + κjΩbΩc1 cˆ†2√
κ2j |Ωc1 |2|Ωc2 |2 + |Ωb|2
(|Ωc1 |2 + |Ωc2 |2) .
(33)
As before there are two pairs of STIRAP pulses required
to perform the rotation. The separation of the Stokes and
pump pulses is T−, and the two pairs are separated by a
length of time T+ (see Fig. 1). The set of laser pulses are
assumed to take a form
Ω(1)a (t) = Ω0e
iθ(1)a f(t− T−/2 + T+/2)
Ω
(1)
b (t) = Ω0e
iθ
(1)
b f(t− T−/2 + T+/2)
Ω(1)c1 (t) = Ω0e
iθ(1)c1 f(t+ T−/2 + T+/2)
Ω(1)c2 (t) = Ω0e
iθ(1)c1 f(t+ T−/2 + T+/2).
(34)
The pulses have a fixed positive amplitude Ω0 and a uni-
modal temporal distribution given by f(t). We also asso-
ciate each pulse with a phase-angle θ(1). T− is the separa-
tion between the maxima of the Stokes and pump pulses.
We define the t → −∞ limit as the time where the am-
plitudes of Ωc1,2 are significantly greater than Ωa,b. The
limiting behavior of the dark states for the first STIRAP
pair is then
dˆ
(1)
1
† →
e
i(θ(1)c1
+θ(1)c2
)aˆ† for t→ −∞
−κjei(θ
(1)
a +θ
(1)
c2
)
cˆ†1−ei(θ
(1)
a +θ
(1)
c1
)
cˆ†2√
1+κ2j
for t→∞
dˆ
(1)
2
† →
e
i(θ(1)c1
+θ(1)c2
)bˆ† for t→ −∞
−ei(θ
(1)
b
+θ
(1)
c2
)
cˆ†1+κje
i(θ
(1)
b
+θ
(1)
c1
)
cˆ†2√
1+κ2j
for t→∞.
(35)
A coherent spinor that starts out in the state of Eq. (2)
in the t→ −∞ limit is written as
|α0, β0〉〉 = 1√
N !
(
α0e
−i(θ(1)c1 +θ
(1)
c2
)dˆ
(1)
1
†
+ β0e
−i(θ(1)c1 +θ
(1)
c2
)dˆ
(1)
2
†)N |0〉 . (36)
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In the t→∞ limit this then becomes
|α1, β1〉〉 = 1√
N !(1 + κ2j )
N
×
([−κjα0ei(θ(1)a −θ(1)c1 ) − β0ei(θ(1)b −θ(1)c1 )]cˆ†1
+
[−α0ei(θ(1)a −θ(1)c2 ) + κjβ0ei(θ(1)b −θ(1)c2 )]cˆ†2)N |0〉
≡ 1√
N !
(α1cˆ
†
1 + β1cˆ
†
2)
N |0〉 . (37)
We note that at this intermediate stage the spin coherent
state is with respect to the levels c1 and c2, and not the
storage states a and b.
A suitable time later, the second STIRAP pair is ap-
plied, the second set of lasers is assumed to take a form
Ω(2)a = Ω0e
iθ(2)a f(t+ T−/2− T+/2)
Ω
(2)
b = Ω0e
iθ
(2)
b f(t+ T−/2− T+/2)
Ω(2)c1 = Ω0e
iθ(2)c1 f(t− T−/2− T+/2)
Ω(2)c2 = Ω0e
iθ(2)c2 f(t− T−/2− T+/2).
(38)
We now define the dark states using the operators
dˆ
(2)
1
† =
−κjΩc1Ωbaˆ† − Ωc1Ωabˆ† + (1 + κ2j )ΩaΩbcˆ†1√
(1 + κ2j )
2|Ωa|2|Ωb|2 + |Ωc1 |2
(|Ωa|2 + κ2j |Ωb|2)
dˆ
(2)
2
† =
−Ωc2Ωbaˆ† + κjΩc2Ωabˆ† + (1 + κ2j )ΩaΩbcˆ†2√
(1 + κ2j )
2|Ωa|2|Ωb|2 + |Ωc2 |2
(
κ2j |Ωa|2 + |Ωb|2
)
(39)
We note that Eq. (39) is not the same form as that de-
fined in Eq. (33). As linear combinations of dark states
are also dark states, there is a freedom in the way the
operators are defined. This choice makes the analysis
clearer hence we use this form for the second STIRAP
pair. The limiting behavior is given by
dˆ
(2)
1
† →
e
i(θ(2)a +θ
(2)
b )cˆ†1 for t→ −∞
−κjei(θ
(2)
c1
+θ
(2)
b
)
aˆ†−ei(θ
(2)
c1
+θ
(2)
a )bˆ†√
1+κ2j
for t→∞
dˆ
(2)
2
† →
e
i(θ(2)a +θ
(2)
b )cˆ†2 for t→ −∞
−ei(θ
(2)
c2
+θ
(2)
b
)
aˆ†+κje
i(θ
(2)
c2
+θ
(2)
a )bˆ†√
(1+κ2j )
for t→∞.
(40)
Again we express |α1, β1〉〉 in terms of the operators of
Eq. (39) in the t→ −∞ limit. This becomes
|α1, β1〉〉 = 1√
N !
(
α1e
−i(θ(1)a +θ(1)b )dˆ(2)1
†
+ β1e
−i(θ(1)a +θ(1)b )dˆ(2)2
†)N |0〉 . (41)
Letting the eigenstates evolve into the t → ∞ limit as
before we follow the same procedure. One then obtains
the final state
|α2, β2〉〉 = 1√
N !(1 + κ2j )
N
×
([−κjα1ei(θ(2)c1 −θ(2)a ) − β1ei(θ(2)c2 −θ(2)a )]aˆ†
+
[−α1ei(θ(2)c1 −θ(2)b ) + κjβ1ei(θ(2)c2 −θ(2)b )]bˆ†)N |0〉 . (42)
We define the transformations Æ
(1)
j : [α0, β0]
T →
[α1, β1]
T and Æ
(2)
j : [α1, β1]
T → [α2, β2]T . Evidently
these are linear transforms. They may be written as
Æ
(1)
j =
1√
1 + κ2j
[
−κjei(θ
(1)
a −θ(1)c1 ) −ei(θ(1)b −θ(1)c1 )
−ei(θ(1)a −θ(1)c2 ) κjei(θ
(1)
b −θ(1)c2 )
]
Æ
(2)
j =
1√
1 + κ2j
[
−κjei(θ
(2)
c1
−θ(2)a ) −ei(θ(2)c2 −θ(2)a )
−ei(θ(2)c1 −θ(2)b ) κjei(θ
(2)
c2
−θ(2)b )
]
.
(43)
We may write the resulting unitary action of the entire
transformation as the product of these two matrices. The
total rotation of the whole STIRAP sequence is then
Uj = Æ
(2)
j Æ
(1)
j . (44)
B. Examples
Let us look at a few examples. First, examine the case
for the D1 line (j = 1). Defining the phase angles θ
(1)
c1 =
θ
(1)
c2 = −α/2, θ(2)c1 = α/2 + γ/2 and θ(2)c2 = α/2− γ/2, we
obtain
U1 = e
iα
[
ei(θ
(1)
a −θ(2)a ) cos γ2 ie
i(θ
(1)
b −θ(2)a ) sin γ2
iei(θ
(1)
a −θ(2)b ) sin γ2 e
i(θ
(1)
b −θ
(2)
b ) cos γ2
]
. (45)
It is easily seen that by choosing phase angles θ
(1)
a =
−δ/2, θ(1)b = δ/2 + pi/2, θ(2)a = −β/2, θ(2)b = β/2 + pi/2
gives an arbitrary unitary of the form of Eq. (9), i.e.
U1 = e
iα
[
ei(−β/2−δ/2) cos γ2 −ei(−β/2+δ/2) sin γ2
ei(β/2−δ/2) sin γ2 e
i(β/2+δ/2) cos γ2
]
= eiαRz(γ)Ry(β)Rz(δ). (46)
This is equivalent to the Rn(δ) rotation implemented by
Kis and Renzoni in Ref. [35], which we described earlier
in this paper for spin coherent states. On Fig. 2 we show
a simplified decomposition of U1. Here we view the Æ
(j)
1
operators as taking the BEC into and out of the space
of internal states |c1〉 and |c2〉. We may in this context
define the corresponding Schwinger boson operators
Jˆx = cˆ
†
1cˆ2 + cˆ
†
2cˆ1
Jˆy = −icˆ†1cˆ2 + icˆ†2cˆ1
Jˆz = cˆ
†
1cˆ2 − cˆ†2cˆ1.
(47)
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We may now define a Bloch sphere as we did earlier,
but this time in terms of the expectation value of the
above. The operation of U1 may then be viewed as either
a piecewise rotation performed by a combination of Æ
(1)
1
and Æ
(2)
1 or as an application simply of U1.
For the D2 line, performing the matrix multiplication
explicitly shows that the diagonal entries of U2 cannot
equal zero. Thus arbitrary rotations are not possible.
However, choosing the same phase angles as for U1, and
setting γ = δ = 0, one may produce
U2 = e
iα
[
e−iβ/2 0
0 eiβ/2
]
= eiαRz(β). (48)
The difference between the D1 and D2 lines arises due
to the natural selection rules between transitions. This
has an effect on the type of unitary operations that are
possible, hence for this scheme the D1 line is preferable
in terms of generality.
V. PERFORMANCE EVALUATION
The most important feature of STIRAP is the ability
to perform coherent control without populating the ex-
cited states. In systems such as BECs, where the fidelity
of operation is limited by stimulated emission enhanced
by the particle number, avoiding excited states is cru-
cial towards suppressing unwanted decoherence. How-
ever, this relies entirely on successfully keeping to the
adiabatic approximation. In practice non-zero popula-
tions of the excited state occur due to deviations from
adiabaticity, which limits the accuracy of the coherent
control. To truly test the procedure numerical simula-
tions are necessary to demonstrate the efficiency of the
STIRAP gate introduced in the last section. In this sec-
tion we describe the simulations including spontaneous
emission to estimate the performance of the procedure
for realistic situations.
A. Model including spontaneous emission
The master equation including spontaneous emission
of the BEC is
dρ
dt
=
i
~
[ρ, Hˆ]− Γ1
2
(
[eˆ†1cˆ1, cˆ
†
1eˆ1ρ] + [ρeˆ
†
1cˆ1, cˆ
†
1eˆ1]
)
− Γ2
2
(
[eˆ†2cˆ2, cˆ
†
2eˆ2ρ] + [ρeˆ
†
2cˆ2, cˆ
†
2eˆ2]
)
, (49)
where Γj is the spontaneous emission rate from the ex-
cited state ej to the state cj . We have made a simplifying
assumption that the spontaneously emitted photons only
have a pi-polarization. This assumption gives us a con-
venient way to understand coherence in our system, as
the presence of atoms in the ci states signals an imper-
fect adiabatic process. This difference should only affect
the final distribution of states, and not the infidelity es-
timates which is insensitive to the type of spontaneous
emission.
Time evolving the complete density matrix is a numer-
ically intensive task for large N . However, to an excellent
approximation such a system can be described by a sys-
tem of coupled equations in bilinear expectation values
(see Appendix) [13]. To quantify the effect on gate per-
formance we use the fidelity defined as
F (ρ, σ) ≡ 1−D(ρ, σ) (50)
where the trace distance is defined as
D(ρ, σ) =
[(〈Sˆx〉ρ − 〈Sˆx〉σ)2 + (〈Sˆy〉ρ − 〈Sˆy〉σ)2
+
(〈Sˆz〉ρ − 〈Sˆz〉σ)2]/(4N2). (51)
Here σ is the target state and ρ is the numerically evolved
state. We use this definition of fidelity as it provides a
way of comparing fidelities for different N directly. The
standard definition of fidelity using the inner product has
an exponential dependence on the particle number∣∣∣∣〈〈cos θ′2 , eiφ sin θ′2
∣∣∣∣ cos θ2 , eiφ sin θ2
〉〉∣∣∣∣2
= cos2N
(θ′ − θ
2
)
≈ e−N(θ
′−θ)2
4 , (52)
where we have chosen the case φ′ = φ for simplicity.
According to this definition the fidelity is exponentially
sensitive to the angular difference θ−θ′. In contrast, our
fidelity expression evaluates for this case to
F = cos2
(θ′ − θ
2
)
(53)
which is true for any N . For further discussions on this
see Refs. [14, 49].
The STIRAP procedure that we have presented has
some free parameters which are available for optimiza-
tion. We choose the pulse shapes f(t) to have a Gaussian
form and peak amplitude unity,
f(t) = e−
t2
T2 . (54)
Here T is the pulse width. The size of the overlap of suc-
cessive pulses in a STIRAP process is important to the
overall performance. This is because the overlap region is
where the dark states evolve the most rapidly and there-
fore also the region where the adiabatic condition is sus-
ceptible to failure. The pulse width T has been treated
as a variables in an optimization problem, that can be
formulated in the following way. Given some initial and
target quantum states, ρ and σ, minimize D(ρ, σ) as a
function of T . This is a one-dimensional optimization
problem, and it has been solved via golden section search
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Figure 3. (Color online). Typical six-level STIRAP time evolution performing a coherent rotation of a BEC. The simulations
have been carried out using data recorded for the D1 transition in [48], and the basic time unit is the decay time of the 87Rb D1
transition, i.e. τ = 27.70(4) ns. The simulation ends after one τ . All plots are for the case where the initial spin coherent state
is | cos 3pi/8, sin 3pi/8ei5pi/8〉〉 and the target rotation is the operation U = Rz(pi/4)Ry(3pi/4)Rz(pi/4). The target state after
the rotation is indicated with the horizontal lines marked as 〈Sˆx,y,z〉targ. The pulses have a Gaussian shape, with T− = tend/8,
T+ = 3tend/8. After pulse width optimization we obtain for (a) (c) N = 10
4 a width of T = 0.1324tend (FWHM = 0.1835tend)
and for (b) (d) N = 105 we obtain T = 0.0877tend (FWHM = 0.1216tend). Subfigures (a) (b) show the the evolution of the
expectation values of the Schwinger boson operators, 〈Sˆx,y,z〉. Subfigures (c) (d) depict the occupation of intermediate and
excited states.
under the assumption that D is a unimodal function of
T . We have not used the laser amplitudes as variables in
the optimization problem.
From our numerics we have found that it is possible
to arbitrarily improve the fidelities by reducing T while
at the same time increasing the laser amplitudes. This
may appear to violate the adiabatic condition, however,
the dark states of a STIRAP do not change quickly in
the neighborhood of the pulse peaks. They only change
when there is some significant overlap of the pulses. If
pulse amplitude is increased while T is decreased at a
controlled rate, the net effect is to smooth this overlap
region. This ensures that the adiabatic condition is in
fact followed more closely, and therefore if an optimiza-
tion algorithm optimizes the fidelity as a function of both
T and Ω0, each iteration will just produce narrower and
more intense laser pulses and the algorithm will not con-
verge. Therefore optimization must be carried out with
either fixed pulse amplitudes or fixed pulse widths, where
we have chosen the latter.
VI. NUMERICAL RESULTS
Fig. 3 depicts the time evolution of two coherent spinor
BECs that undergo the same rotation from the same ini-
tial state | cos 3pi/8, sin 3pi/8ei5pi/8〉〉, but have different
numbers of particles N = 104, 105. Each are optimized
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separately to obtain the best target fidelities. We show
two cases to illustrate one sequence that successfully pro-
duces the gate as desired with high fidelity, and another
where the performance is not as good. The four laser
amplitudes are shown as two successive STIRAPs are
performed. Here the Ωc1,2 pulses form the Stokes pulse,
while the Ωa,b make up the pump pulse in the first STI-
RAP. This changes the dark state creation operators from
superpositions of aˆ† and bˆ† to cˆ1† and cˆ2†. In the second
STIRAP the pulses are reversed to return to the dark
state operators to a rotated superposition of aˆ† and bˆ†.
After the first STIRAP, each 〈Sˆj〉 is reduced to zero as
the coherent spinor is completely transferred. The sec-
ond STIRAP then transfers the BEC to the target space.
In Fig. 3(b) the same process is depicted for N = 105.
Here the pulses are broader after pulse width optimiza-
tion, which gives significant overlap of the middlemost
pulses. We see here that the 〈Sˆj〉 do not go exactly to
zero. Looking closely at their evolutions, we can see some
irregular Rabi oscillations close to the center of the graph.
The target state is not reached with a high fidelity in this
case, which we attribute to the stronger effect of spon-
taneous emission for this case making it a more difficult
case to optimize.
Fig. 3(c) shows the evolution of excited and intermedi-
ate states during the rotation of the N = 104 BEC. The
same laser pulse amplitudes as Fig. 3(a) are shown here
for reference. The occupation of levels |c1〉 and |c2〉 in-
crease during the first STIRAP and stay approximately
constant until the second one, where they go back to 0.
Fig. 3(d) shows the evolution of the same expectation
values for the N = 105 BEC. Here the change is not
as sharp, and the populations are not constant after the
first STIRAP. They increase slightly in the central area of
the graph. This is the same area where close inspection
of Fig. 3(b) reveals Rabi oscillations of the condensate.
What appears to be happening is that the first STIRAP
does not transfer the condensate fully. The laser tran-
sitions Ωa,b induce Rabi oscillations which populate the
excited states |e1,2〉. Since the spontaneous emission rate
is enhanced by a factor of 105, the excited state popu-
lations are effectively eliminated, and all of the excited
state population is directly transferred to the |c1,2〉 states.
Finally, the second STIRAP leaves some population in
|c1〉, which contributes to its inefficiency.
We have performed a benchmarking of the performance
of our procedure by comparing the optimized six-level
STIRAP procedure for various tend, Ω0 and N . Here
tend defines the time the procedure takes. In the exam-
ple of Fig. 3 this is τ . For each configuration of tend,
Ω0 and N , the optimum T is determined by golden sec-
tion search. Then a series of 240 simulations with these
parameters and randomized initial states |α, β〉〉 and uni-
tary rotations U(β, γ, δ) is carried out. The average fi-
delity is saved for that particular combination of tend, Ω0
and N , before the process is repeated for a different set
of parameters.
We note that throughout our simulations the ampli-
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Figure 4. (Color online). Performance of the STIRAP gate
procedure as measured by the infidelity D(ρ, σ) as a function
of the time tend it takes to finish an operation and for various
combinations of N = 103, 104, 105 and Ω0 = 100, 1000 in units
of Γ. The points that have been computed in this graph are
spaced logarithmically from 1 to 100 in units of τ = 27.70 ns
on the temporal axis.
tude of any laser pulses are much lower than the D1 op-
tical transition frequency. The detunings are constant,
and ∆+ ≡ (∆1 + ∆2)/2 is chosen to be 100Ω0, which is
the peak amplitude of the pulses. This is to ensure that
we can neglect unwanted couplings to excited states that
are not accounted for in this scheme.
Fig. 4 shows the results of the simulation for various
parameters. When Ω0 = 10
2Γ, we obtain results for N =
102 – 104 that reach as low as 10−5 depending on tend.
Increasing N beyond this value increases the infidelity
to values greater than 10−3 for the timescales we are
considering. Increasing Ω0 to 10
3Γ greatly improves our
results. The results show an overall trend of the infidelity
to decrease with higher tend, and the results are very
similar regardless of N . By allowing tend to be of the
order 1µs, we see that the infidelity drops to below 10−7
regardless of N , which is effectively negligible. Note that
there are several kinks in the graphs, which are likely
owed to faulty or incomplete optimization of the laser
pulse shapes used.
If slower gates are allowed, the fidelities can generally
be improved further. We have not explored results be-
yond Ω0 = 10
3Γ, but we expect that fidelities arbitrarily
close to 1 are possible in our model. There is clearly a
trade-off between fidelity and speed. We expect that if N
is increased to much higher values the enhanced sponta-
neous emission will start imposing stricter limits on the
fidelity and the trade-off will likely involve N .
The fact that the results do not appear to depend
strongly on N shows that we successfully avoid excited
state populations. This is helped along by choosing very
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large detunings that limit potential transitions to excited
states. This leads to the conclusion that our fidelity in
this regime is not caused primarily by enhanced sponta-
neous emission, but instead incomplete or faulty STIRAP
procedures. This is not surprising as we have only per-
formed a very elementary pulse optimization, where only
pulse widths have been taken into account.
VII. APPROXIMATIONS TO THE MODEL
In real 87Rb atoms there are more ground states
present as well as excited states with other quantum
numbers than the ones we have considered so far. Thus
some justification is needed for their absence in our sim-
ulation since two-photon transitions to omitted internal
states have not been accounted for. Firstly, including all
relevant F = 2 ground states, there are a total of six
two-photon transitions with |∆mF | = 2. However, as we
have already explained in section II C, the transition that
occurs between levels a and b is very inefficient at high
detunings, and this is confirmed in our simulations, as
we do not see strong evidence for non-adiabatic transi-
tions due to this resonance. One may then consider the
four possible combinations of transitions between c1, c2
and |F = 2,mF = −2〉, |F = 2,mF = 2〉, as well as the
|F = 2,mF = −1〉 to |F = 1,mF = 1〉 transition. How-
ever, these five transitions are inefficient following the
same arguments as in section II C, and have the same
dependence on detuning. Therefore we do not consider
them in our simulations.
Secondly, linearly polarized laser light only causes
transitions where the total electronic angular momen-
tum of the atom changes. For this reason, two-photon
transitions between c1 and c2 do not occur when the two
lasers are pi-polarized. Other transitions, in which both
electronic and nuclear angular momentum changes, are
possible, but they are inefficient for the same reason that
∆mF = 2 transitions are inefficient.
Thirdly, one may consider transitions that occur when
one laser is linearly polarized and another has circular
polarization. Here there is no intrinsic inefficiency as the
one we have discussed for the ∆mF = 2 transitions. In
our scheme, it is the Ωc1,2 pulses that are both linearly po-
larized while the Ωa,b pulses are σ+, σ− polarized respec-
tively. Thus for such transitions to occur there should be
significant overlap between these pulses. But in reality,
as shown on Fig. 3, the overlap of any two such pulses
in our scheme is small. In our simulations, in which four
such transitions are already possible when levels a, b, c1
and c2 are included, we believe this effect is accounted
for already. In those of our simulations where the max-
imum pulse amplitudes were increased to 1000Γ, we see
that the pulse optimization step results in much narrower
pulses. This means that the overlap of the pulses must
be kept the same when the maximum pulse amplitudes
are increased for optimum transfer. Thus our simulations
confirm that we are indeed limited by the pulse overlap
in terms of undesired transitions. It may be argued that
it is one of the great strengths of the counter-intuitive
pulse sequence of a STIRAP that we are able to avoid
such transitions by having the least possible overlap of
the Stokes and pump pulses.
In summary, we believe that the fidelity is primarily
limited by Raman transitions between hyperfine 87Rb
sublevels when there is some overlap of stokes and pump
pulses. In our simulations we show that infidelities may
be driven very close to zero in the presence of four such
transitions. While we have not included all possible sub-
levels and all possible transitions that may occur by this
mechanism, we do not believe that they would change
the fidelities by orders of magnitude. Although our re-
sults so far suggest that arbitrarily high fidelities may be
achieved by increasing pulse amplitudes while decreasing
the pulse width, it must be kept in mind that the robust-
ness of the scheme is easily affected. This is because the
overlap of the Stokes and pump pulses is very sensitive
to jitter when pulse amplitudes are high. This is espe-
cially true when the pulses originate from different lasers
as in our scheme. Thus we cannot realistically control
this overlap as well as would be required for very intense
pulses.
VIII. SUMMARY AND CONCLUSIONS
We have presented two methods of performing SU(2)
rotations of spinor BECs using STIRAP. The first is a
generic method based on three ground state levels as
originally proposed in Ref. [35] and here generalized for
BECs. The second method overcomes a known problem
of alkali atoms which makes Raman transitions ineffi-
cient for states which are separated by ∆mF ≥ 2 due to
the necessity of flipping an optically inaccessible nuclear
spin. In our numerical simulations we test the method
for BECs with large particle numbers in the presence of
spontaneous emission, and show that very high fidelities
are still achievable. For example, for a BEC containing
N = 103 atoms, we have shown that it is possible to per-
form arbitrary rotations with an effectively negligible er-
ror with gate times of ∼ 1 µs while using pulse amplitudes
of Ω0 = 10
3Γ. For these low infidelities, the source of er-
ror is no longer spontaneous emission, but imperfections
intrinsic to STIRAP. The reason for the high fidelities is
that the method successfully keeps most of the popula-
tion in the ground states, which suppresses spontaneous
emission. Enhanced spontaneous emission is one of the
primary causes of decoherence when using optical con-
trol in BECs. Our method relies on an optimization step,
where the pulse width T is chosen carefully. Naturally, in
a real experiment other sources of decoherence, such as
fluctuations of the trapping magnetic field will also con-
tribute to decoherence. The significance of these results
is that despite the magnified effects of spontaneous emis-
sion by particle number, STIRAP methods can strongly
suppress the decoherence such that very high fidelities
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may be achieved.
In this work our optimizations were limited to chang-
ing just one of the parameters – the width of the pulses
– hence there is more scope for improvement. Already
some work has been carried out on this topic in e.g.
Ref. [38], optimum pulse shapes for STIRAP have been
realized theoretically by reducing three level Hamiltoni-
ans to effective two-level ones. Adapting these ideas to
our scheme can potentially improve the fidelities further
and thereby reduce the experimental overhead. The abil-
ity to perform high fidelity SU(2) rotations in BECs is
of fundamental interest to several potential applications
such as quantum metrology and quantum information. In
magnetometry, the strength of a magnetic field may be
characterized by detecting the Larmor precession. While
currently microwave and radio frequency pulses are con-
ventionally used to obtain the desired superposition of
magnetic sublevels, our approach could offer a faster and
high fidelity alternative. Our method is also naturally
suited to quantum information processing applications
where spin coherent states are used for quantum memo-
ries [7, 12–14, 50]. As optical laser pulses can be tightly
focused, methods such as that described here would con-
tribute to scalable atom chip configurations where there
are multiple BEC on the same chip that are individually
controlled. This could be combined with entanglement
generation schemes between neighboring BECs [40] to
create a network of entangled BECs [15].
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Appendix A: Evolution of Spin Coherent States
The spin coherent state of a BEC can be characterized
in terms of its expectation values of Sˆx, Sˆy and Sˆz. There
exists a bijection between the space of (〈Sˆx〉 , 〈Sˆy〉 , 〈Sˆz〉)
and (〈aˆ†aˆ〉 , 〈aˆ†bˆ〉 , 〈bˆ†bˆ〉). Thus for a coherent spinor,
knowledge of its location in the latter space is sufficient
to fully characterize it. To obtain a closed set of equa-
tions we have here made a decoupling approximation,
where expectation values may be decomposed as e.g.
〈eˆ†1cˆ1cˆ†1eˆ1〉 ≈ 〈eˆ†1eˆ1〉 (〈cˆ†1cˆ1〉+1). We note that this decou-
pling of expectation values is exact for coherent spinors,
but approximate for other Fock state superpositions.
The evolution of these expectation values occurs ac-
cording to
d 〈Aˆ〉
dt
= i 〈[Hˆ, Aˆ]〉
− Γ1Tr
(
ρ
(
[Aˆ, eˆ†1cˆ1]cˆ
†
1eˆ1 + eˆ
†
1cˆ1[cˆ
†
1eˆ1, Aˆ]
))
− Γ2Tr
(
ρ
(
[Aˆ, eˆ†2cˆ2]cˆ
†
2eˆ2 + eˆ
†
2cˆ2[cˆ
†
2eˆ2, Aˆ]
))
.
(A1)
We derive the following coupled differential equations de-
scribing the evolution of expectation values.
d 〈aˆ†aˆ〉
dt
= 2 Im(Ωa(〈aˆ†eˆ1〉+ 〈aˆ†eˆ2〉)) (A2)
d 〈aˆ†bˆ〉
dt
= i
(
Ω∗a(〈bˆ†eˆ1〉+ 〈bˆ†eˆ2〉)∗
+ Ωb(〈aˆ†eˆ1〉 − 〈aˆ†eˆ2〉)
)
(A3)
d 〈aˆ†cˆj〉
dt
= i
(
(Ωa(〈cˆ†j eˆ1〉+ 〈cˆ†j eˆ2〉))∗
− Ωcj 〈aˆ†eˆj〉
)
+ Γ 〈aˆ†cˆj〉 〈eˆ†j eˆj〉 (A4)
d 〈aˆ†eˆj〉
dt
= i(Ω∗a(〈eˆ†1eˆj〉
∗
+ 〈eˆ†2eˆj〉 − 〈aˆ†aˆ〉)
− Ω∗b 〈aˆ†bˆ〉 − Ω∗cj 〈aˆ†cˆj〉 −∆j 〈aˆ†eˆj〉)
− Γ 〈aˆ†eˆj〉 (〈cˆ†j cˆj〉+ 1) (A5)
d 〈bˆ†bˆ〉
dt
= 2 Im(Ωb(〈bˆ†eˆ1〉 − 〈bˆ†eˆ2〉)) (A6)
d 〈bˆ†cˆj〉
dt
= i((Ωb(〈cˆ†j eˆ1〉 − 〈cˆ†j eˆ2〉))∗
− Ωcj 〈bˆ†eˆj〉) + Γ 〈bˆ†cˆj〉 〈eˆ†j eˆj〉 (A7)
d 〈bˆ†eˆj〉
dt
= i(−1)j+1(Ω∗b(〈eˆ†1eˆj〉
∗ − 〈eˆ†2eˆj〉 − 〈bˆ†bˆ〉)
− (Ωa 〈aˆ†bˆ〉)∗ − Ω∗cj 〈bˆ†cˆj〉 −∆j 〈bˆ†eˆj〉)
− Γ 〈bˆ†eˆj〉 (〈cˆ†j cˆj〉+ 1) (A8)
d 〈cˆ†j cˆj〉
dt
= 2 Im(Ωcj 〈cˆ†j eˆj〉)
+ 2Γ 〈eˆ†j eˆj〉 (〈cˆ†j cˆj〉+ 1) (A9)
d 〈cˆ†1cˆ2〉
dt
= i((Ωc1 〈cˆ†2eˆ1〉)∗ − Ωc2 〈cˆ†1eˆ2〉)
+ 〈cˆ†1cˆ2〉 (Γ1 〈eˆ†1eˆ1〉+ Γ2 〈eˆ†2eˆ2〉) (A10)
d 〈cˆ†j eˆj〉
dt
= i(Ω∗cj (〈eˆ†j eˆj〉 − 〈cˆ†j cˆj〉)−∆j 〈cˆ†j eˆj〉
− (Ωa 〈aˆ†cˆj〉)∗ − (−1)j(Ωb 〈bˆ†cˆj〉)∗)
+ Γ 〈cˆ†j eˆj〉 (〈eˆ†j eˆj〉 − 〈cˆ†j cˆj〉) (A11)
d 〈cˆ†1eˆ2〉
dt
= i(Ω∗c1 〈eˆ†1eˆ2〉 − Ω∗c2 〈cˆ†1cˆ2〉 − (Ωa 〈aˆ†cˆ1〉)∗
+ (Ωb 〈bˆ†cˆ1〉)∗ −∆2 〈cˆ†1eˆ2〉)
+ 〈cˆ†1eˆ2〉 (Γ1 〈eˆ†1eˆ1〉 − Γ2(〈cˆ†2cˆ2〉+ 1)) (A12)
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Figure 5. Comparison of the mean-field solution (left) versus
the exact calculation in the Fock basis (right). In both cases
a coherent spinor has the initial state α = 1, β = 0. The
curve which initially starts at N = 5 is 〈aˆ†aˆ〉, while the curve
which starts at zero is 〈bˆ†bˆ〉. The blue line, which is very close
to zero throughout on both graphs is 〈cˆ†cˆ〉. The parameters
are Γ1 = Γ2 = Ωa = Ωb = 1,∆1 = ∆2 = 10, N = 5, tend =
1000.
d 〈cˆ†2eˆ1〉
dt
= i((Ωc2 ∗ 〈eˆ†1eˆ2〉)∗ − (Ωc1 〈cˆ†1eˆ1〉)∗
− (Ωa 〈aˆ†cˆ2〉)∗ − (Ωb 〈bˆ†eˆ2〉)∗ −∆1 〈cˆ†2eˆ1〉)
+ 〈cˆ†2eˆ1〉 (Γ2 〈eˆ†2eˆ2〉 − Γ1(〈cˆ†1cˆ1〉+ 1)) (A13)
d 〈eˆ†j eˆj〉
dt
= − 2(Im(Ωa 〈aˆ†eˆj〉) + (−1)j Im(Ωb 〈bˆ†eˆj〉)
+ Im(Ωcj 〈cˆ†j eˆj〉))
− 2Γ 〈eˆ†j eˆj〉 (〈cˆ†j cˆj〉+ 1) (A14)
d 〈eˆ†1eˆ2〉
dt
= i(Ωa 〈aˆ†eˆ2〉 − (Ωa 〈aˆ†eˆ1〉)∗ + (Ωb 〈bˆ†eˆ1〉)∗
+ Ωb 〈bˆ†eˆ2〉 − (Ωc2 〈cˆ†2eˆ1〉)∗ + Ωc1 〈cˆ†1eˆ2〉
+ (∆1 −∆2) 〈eˆ†1eˆ2〉)
− 〈eˆ†1eˆ2〉 (Γ1(〈cˆ†1cˆ1〉+ 1)
+ Γ2(〈cˆ†2cˆ2〉+ 1)) (A15)
d 〈eˆ†2eˆ2〉
dt
= − 2(Im(Ωa 〈aˆ†eˆ2〉)− Im(Ωb 〈bˆ†eˆ2〉)
+ Im(Ωc2 〈cˆ†2eˆ2〉))
− 2Γ2 〈eˆ†2eˆ2〉 (〈cˆ†2cˆ2〉+ 1) (A16)
Appendix B: Validity of the mean field approxima-
tion
The mean field approximation method used here allows
us to efficiently simulate all of the relevant expectation
values of our system in a very highly dimensional Fock
space. We here compare the two approaches in solving in
a three level bosonic system with a constant number of
particles. We compare the approximate mean field model
to the exact Fock state basis evolution of a condensate
with N = 8 atoms.
The Hamiltonian is
Hˆ = ~
[
Ωacˆ
†aˆ+ Ωbcˆ†bˆ+ ∆1(cˆ†cˆ− aˆ†aˆ)
+ ∆2(cˆ
†cˆ− bˆ†bˆ)]. (B1)
Including spontaneous emission to both ground states
gives the master equation
dρ
dt
= − i[Hˆ, ρ]− Γ1([cˆ†aˆ, aˆ†cˆρ] + [ρcˆ†aˆ, aˆ†cˆ])
− Γ2([cˆ†bˆ, bˆ†cˆρ] + [ρcˆ†bˆ, bˆ†cˆ]).
(B2)
A complete Fock state basis is formed by the states
|m,n〉 = (aˆ
†)m(bˆ†)N−m−n(cˆ†)N√
m!n!(N −m− n)! |0〉 . (B3)
We have a density matrix
ρ =
∑
m,n,m′,n′
ρm,n,m′,n′ |m,n〉 〈m′, n′| . (B4)
We may now obtain set of coupled differential equations
in variables ρm,n,m′,n′ and solve them using standard nu-
merical methods. Then the expectation values of relevant
operators may be found as for instance
〈aˆ†aˆ〉 = Tr(ρaˆ†aˆ) =
∑
m,n
mρm,n,m,n. (B5)
This gives an exact solution of the problem.
With the mean-field approach, one instead takes the
trace of Eq. (B2) multiplied by an operator Aˆ
d 〈Aˆ〉
dt
= i 〈[Hˆ, Aˆ]〉
− Γ1Tr
(
ρ
(
[Aˆ, cˆ†aˆ]aˆ†cˆ+ cˆ†aˆ[aˆ†cˆ, Aˆ]
))
− Γ2Tr
(
ρ
(
[Aˆ, cˆ†bˆ]bˆ†cˆ+ cˆ†bˆ[bˆ†cˆ, Aˆ]
))
.
(B6)
This gives a coupled set of equations in terms of the ex-
pectation values of the operators aˆ†aˆ, aˆ†bˆ, aˆ†cˆ, bˆ†bˆ, bˆ†cˆ,
cˆ†cˆ. This gives fourth order products of bosonic opera-
tors for the spontaneous emisssion terms
d 〈aˆ†aˆ〉
dt
= − 2iΩaIm(〈aˆ†cˆ〉)− 4Γ1 〈cˆ†cˆ(aˆ†aˆ+ 1)〉
≈ − 2iΩaIm(〈aˆ†cˆ〉)− 4Γ1 〈cˆ†cˆ〉 (〈aˆ†aˆ〉+ 1).
(B7)
The fourth order terms are approximated by a product of
bilinear terms. Note that the approximation is very good
for spin coherent states as the variance of spin operators
diminishes as 1/N . This is why it is a very successful
model.
A comparison of the two approaches in shown Fig. 5.
We perform a simulation where the two laser amplitudes
of Eq. (B1) are left constant for the duration of the simu-
lation. We can only compare the two models for low val-
ues of N , as carrying out the simulation in the Fock state
basis is numerically intensive when N becomes large.
Virtually perfect agreement is seen for the two curves.
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